Topological states of matter emergent as a new type of quantum phases, which can be distinguished by their associated topological invariants, e.g., Chern numbers. Currently, there is increasing interests toward the physically detection of the new predicted topological phases. Here, we propose an interferometric approach to directly measure the Chern number in a topological optical lattice via detecting the associated Zak phase. We show that this interferometric approach can distinguish Zak phases of ±2π from 0 in the first Brillouin zone, and thus provides a new tool to directly detect the Chern number of topological systems. In addition, we demonstrate that this method is feasible under realistic experimental conditions and widely applicable for many systems. Finally, this scheme can be readily generalized to detect high Chern number systems.
I. INTRODUCTION
Topology of quantum systems is a key concept in modern quantum many-body physics. For example, quantum Hall effect has attracted much attention since the effect was proposed [1, 2] , where the Hall conductance is proportional to the Chern number (CN) C defined as the integral of Berry curvature over the first Brillouin zone (BZ) [3] [4] [5] . Specially, Haldane showed that quantum Hall effect can exist without the external magnetic field and the associated Landau levels [6] . On the other hand, cold atoms in optical lattices is a powerful tool to simulate strongly correlated many-body models [7] . Recently, synthetic gauge fields and spin-orbit coupling were experimentally realized in cold atomic gases [8] . These new developments allow one to study many exotic topological phases in condensed matter physics using cold neutral atoms trapped in optical lattices. As remarkable examples, the implementation of the spin Hall effect [9] [10] [11] and the Haldane model [12, 13] in cold atom systems has been theoretically proposed with experimental verifications.
Due to the absence of local orders, topological phases are typically hard to detect. The topological phases of many-body systems can be characterized by the CN, which can be manifested with the Hall conductance. Unlike condensed matter systems, where a routine measurement of the Hall conductance reveals the CN, cold atom systems have their conduction channel only in an elaborate condition and the quantized conductance is extremely difficult to be observed [14] . Therefore, nowadays, measuring the Hall conductance is technically unrealistic for cold atoms in optical lattices. On the other hand, alternative strategies for the detecting the CN include measuring the time evolution of the center of mass [15] , the gapless edge modes [16] [17] [18] , the pumped charge [19] and the bulk Chern number from Berry's curvature * zyxue@scnu.edu.cn over the BZ [20] [21] [22] . However, these methods either rely on the weak experimental signals or depend on complicated manipulations or measurements on the whole bulk band. For example, in Ref. [22] , the BZ can be divided into many small areas, and the Berrys curvature of each area is measured separately. But, near Dirac points, the nonadiabatic transition due to the small energy gap results in experimental difficulty. Therefore, they are still challenging for the delicate cold atom systems [23] . Nevertheless, Ref. [23, 24] demonstrated that measuring of eigenvalues ξ of the parity operator P at highly symmetric points of the BZ is experimental available and (−1) ν = ξ with ξ = +1 or −1. Further, it can be demonstrated that the system is topologically trivial when ν = 0, and topologically nontrivial when ν = 1. However, this method can not distinguish the exact value of the CN.
Alternatively, it is well-known that the CN is not only relate to the Hall conductance but also the Zak phase of the BZ, which is the Berry's phase picked up by a particle moving across the BZ [25] . Here, according to the definition of the CN, we introduce a scheme to detect the CN of topological cold atom systems through measuring the Zak phase. We show that the zak phases ±2π from 0 of the BZ can be distinguished. Our measuring of the CN uses Ramsey interference results from a full controllable moving of cold atoms over the BZ, which can be realized by a combination of a gradient magnetic field [26] and an accelerating optical lattice [27] . In particularly, our method based on interferometry has not special limitations and infeasible experimental techniques for Chern insulators in cold atom systems and it can be avoid the problem of nonadiabatic transition. Therefore, it is highly feasible and accurate under realistic experimental conditions, and thus provides a powerful tool to directly detect the CN in cold atom systems. In addition, our scheme can also realize complex operation, such as one spin state is pinned and the other spin state is moved to obtain Zak phase. Therefore, it provides a newly possible idea to detect the Z 2 topological invariants [28] [29] [30] .
II. THE DETECTION OF TOPOLOGICAL PROPERTIES
A. The Haldane model and its CN
We consider a conventional topological model with a honeycomb lattice, the Haldane model. For bosons in optical lattices, considering the simplest case, the Hamiltonian of the model is described by (1) with
where e 1 = (0, a), e 2 = (− √ 3a/2, −a/2) and e 3 = ( √ 3a/2, −a/2) are the lattice vectors, and , ky = 0 by a force F induced from the applied gradient magnetic field. Then a π/2 pulse creates a coherent superposition state of the atomic spin states. After that, the atoms are evolve to
and k y,(↓,↑) = ±2π/(3a) due to the spin-dependent force. Finally, a π/2 pulse with a phase φMW is applied and then the noncyclic Zak phase of the superposition state φ geometric phase of an open trajectory can be measurable by using an atomic interferometry. In addition, for a given Bloch wave u(k) with quasimomentum k, if the evolution trajectory of u(k) is open, the noncyclic Zak phase of an arbitrary trajectory φ Zak (⊂) can be written as [32] 
where ds and ke k b ds are the integrals over the closed trajectory constituted by u(k) and the straight trajectory connecting its beginning k b and end k e , respectively. Specially, the straight trajectory connected k b and k e are ±b 2 = (0, ±4π/(3a)), as shown in Fig. 1 , which are reciprocal lattice vectors of the honeycomb lattice, and thus φ Zak (⊂) is gauge-invariant. Moreover, due to the inversion symmetry of this model, one has |u(k x , k y ) = |u(k x , −k y ) , which means u(k)|∂ k |u(k) = − u(−k)|∂ k |u(−k) . Therefore, the second term in Eq. 
Due to the trajectories just encircle a half of Berry's curvature of Dirac point in our scheme, the Zak phase φ I,II Zak = ϕ I,II /2, which correspond to the geometric phases of the two Dirac points in the first BZ, respectively. Therefore, the CN can be rewritten as
B. Control over cold atoms
For cold atom systems, to create an arbitral interference trajectory in momentum space, we start with a bosonic gas in the state | ↓ and bring it into a coherent superposition state 1/ √ 2(| ↓ + | ↑ ) using a π/2 Raman pulse. Then a magnetic field gradient is applied to create a constant force in opposite directions for the two spin components. The moving of atoms in momentum space is described by
where µ is the spin magnetic moment and B is the magnetic field. Meanwhile, modulated properly the lasers, the optical potential is accelerated in the stationary frame. Hence in the reference frame, the optical potential is stationary and the atoms obtain a inertia force F . When a constant force F is produced in the same direction for the two spin components, this result in momentum space is of the form
where a is the acceleration and M is the mass of the atom. Finally, a combination the magnetic field gradient and the accelerating optical lattice allows us to arbitrarily control over the evolution of two spin components in momentum space. Experimentally, the additional energies of magnetic field gradient and accelerating lattice are at least an order of magnitude smaller than the full bandwidth of optical lattice, hence they don't transfer atoms form lower band to upper band.
C. Detection of the CN
To detect the CN, a bosonic gas is firstly loaded into a optical lattice with Hamiltonian of Eq. (1). Within current technology, one can precisely control a atomic gas to move to anywhere over the BZ [31] . Like the π/2 − π − π/2 type atom interferometer, this detection needs one π-pluse and two π/2-pluses, where π-pulse is equivalent to σ x operation for the atomic spin states | ↑ and | ↓ and π/2-pulse is an operation in the form of
with φ W M being the controllable phase of the π/2-pulse. The detection goes as follows. Initially, suppose the ground state of this bosonic gas is initially prepared in the spin state of | ↓ and loaded at the bottom of the energy band. We first consider the detection of the contribution from the left Dirac point, as shown in Fig. 1(a) . A magnetic field gradient in the k x direction is applied to create a constant force for the bosonic atoms. Such a constant force leads to a linear evolution of quasimomentum over time, i.e., the Bloch oscillation. Wnen the spin state | ↓ moves to the site (k x = 2π/(3 √ 3a), k y = 0) of the BZ, one uses a π/2-pulse to bring the state | ↓ into a coherent superposition state of 1/ √ 2(| ↓ + i| ↑ ). Then, the superposition state is evolved to the site (k x,↓ = k x,↑ = −4π/(3 √ 3a), k y,(↓,↑) = ∓2π/(3a)) used the gradient magnetic field and accelerating optical lattice. Specifically, the energy proportion of gradient magnetic field to accelerating optical lattice |aM/(µ▽B)| = √ 3 and the directions of them are −x and +y, respectively. In this process, the movements of | ↓ and | ↑ ) are exact −(b 1 + b 2 ) and −b 1 . In this site, the closed trajectory constituted this open trajectory and the straight line between two spin states just encircles a half of Berry's curvature of Dirac point, hence, the superposition states get a Zak phase of ±π/2. Through the sweep-frequency of phase factor of the π/2-pulse φ W M , the noncyclic Zak phase φ I Zak can be measured. We proceed to the case of the right Dirac point, as shown in Fig. 1(b) . Atoms are now moved to the site (k x = −2π/(3 √ 3a), k y = 0). A coherent superposition state of 1/ √ 2(| ↓ + i| ↑ ) is created again. After that, the superposition state is evolved to the site (k x,↓ = k x,↑ = 4π/(3 √ 3a), k y,(↓,↑) = ±2π/(3a)) and the energy proportion of gradient magnetic field to accelerating optical lattice |aM/(µ▽B)| = √ 3 but the directions of them are +x and −y, respectively. In this process, the movements of | ↓ and | ↑ ) are exact b 1 + b 2 and b 1 . Finally, the measuring of φ
II
Zak is similar to that of the former case.
We next link this phase to a physical observable of the population of atomic spin states in our considered context. For ultracold atoms, bosons in the momentum space are usually considered to be point particles, i.e., the size of which is much smaller than that of the Berry's curvature of Dirac points, and thus no Zak phase difference between the bosons with same spin states. For this reason, Eq. (4) for single particle can be directly applied to the case of systems with many bosons as demonstrated in recent experiment [31] . For the above considered trajectory, the total phase difference between the atomic spin state | ↓ and | ↑ is φ tot = φ Zak + φ D + φ Z , where φ D = △E/ dt is the dynamic phase and φ Z is due to the Zeeman energy of the atoms in an external magnetic field. Due to the symmetry of energy band and the trajectory, the dynamic energy of two spin states are always the same, and thus the dynamic phase is 0. In addition, φ Z is can be eliminated by a π-pulse, which flips the magnetic field direction, in the middle of one straight trajectory while keep the accelerating optical lattice. Therefore, in this way, the Zak phase is only contributed component for the total phase, which needs to be considered. Therefore, the wavefunction has evolved to
To detect the noncyclic Zak phase difference between two spin states, the second π/2-pulse is applied to the atoms and the atom number in the two spin states N ↓,↑ are found to be
When the atoms evolved to the specific site I and II, the system obtains ±π/2 or ±3π/2 non-cycle Zak phases, and N ↓,↑ = 1/2 without φ MW . The correspondence between the measured atomic population and the Zark phases for the two noncyclic trajectories is listed in table I.
III. DISCUSSIONS
Although the atom numbers N ↑ without φ MW in the different sites are the same 1/2, the detections should display different results in the presence of φ MW . If the geometrical phases of two Dirac points have different signs, which cancel each other out, the total Zak phase is 0 and C = 0. In this case, the two Zak phases φ I Zak and φ II Zak must be obtained as different values. Therefore, one just need to measure the Zak phase in these special sites for detecting the CN. In contrast to the case of C = 0, we next show that the detection display different properties when C = ±1. Because of the same of the geometrical phases of two Dirac points, the atoms should obtain the same Zak phases in these two special sites, that is, if the Zak phase φ I Zak is π/2, φ II Zak must be π/2 for C = 1. Moreover, the absolute values of Zak phase in the case of C = −1 are the same as that of the C = 1 case but with opposite sign, therefore, one can distinguish π/2 from −π/2 by Eq. (10) . In other word, the different functions of φ MW offer a signal of topologically nontrivial phase characterized by a nonzero CN. Plus or minus of the CN can also be distinguished by comparisons of the different functions of φ MW in the different sites. In short, this method can completely distinguish the CN for the considered model.
Experimentally, although one can move atoms to a precise place of the BZ using the current techniques, suppose the atoms do not be moved to the site (k x,↓ = k x,↑ = ±4π/(3 √ 3a), k y,↓ = −k y,↑ ), the changing trend of N ↑ with φ MW is still distinguishable as long as the error of Zak phase is within ±π/4, i.e., the N ↑ without φ MW is larger than 1/ √ 2. This means that the sign of Dirac point is also distinguishable and the CN can be obtained as well. Therefore, the requirement of accuracy control over the trajectories is not rigorous. On the other hand, this method can be generalized to the model with arbitrary CN. For a high CN model, the BZ can be divided into different 2π areas and the CN of each area can be exactly detected by our method. In this way, the total CN can be obtained by adding them up.
IV. CONCLUSION
We proposed to detect the CN by measuring the atomic population with φ MW in some special sites of the BZ, which is concerned with the Dirac points. Taking Haldane model for a typical example, we demonstrate that the atomic population as a function of the phase of the final microwave π/2-pulse and how to distinguish the CN from these functions in the different sites. We further show that this method is experimentally realizable and is suitable for high CN models. Therefore, we provide a powerful tool to detect topological phases in cold atom context and a newly probable thought to research the Z 2 topological systems.
